The structure of extended loop wave function is investigated in terms of the operator formalism. It is found that the extended loop wave function is characterized by the family number and classified by the partition of the family number. It is pointed out that the constraints to the extended loop function in quantum gravity exhibit a hierarchy structure.
Introduction
A new set of canonical variables for the Hamiltonian treatment of general relativity was introduced by Ashtekar [1] . The new set of canonical variables are the triads E ax i (the projections of the tetrads onto a three-surface) and a complex SU(2) connection A i ax . The introduction has opened new possibilities of achieving a Dirac canonical quantization of the gravitational field. It was shown that there exists a solution to the Hamiltonian constraint with a cosmological constant Λ, which is also diffeomorphism invariant, given by the exponential of the Chern-Simons form [2] . The loop representation of this solution can be written as a knot polynomial in the cosmological constant,
a 1J Λ where K m denotes the m-th coefficient of the Kauffman bracket andJ Λ the Jones polynomial. The function a 1 is proportional to Gauss self-linking number [3] . Recently, the systematic method to obtain analytic expressions of the diffeomorphism constraints, has been developed [4, 5] . This approach to get extended knot invariants has particular significance for the search of the gravitational quantum states, whose candidates must satisfy the diffeomorphism constraint, Hamiltonian constraint and the Mandelstam identities [6] .
In this article, the gravitational quantum states are investigated in the framework of the extended loop representation [7, 8, 9 ]. An operator formalism for the extended loop wave function is formulated. It is possible to obtain systematically analytic expressions of the extended loop wave functions. It is discussed that they satisfy the Mandelstam identities, the diffeomorphism constraint and Hamiltonian constraint.
The article is organized as follows: in Section 2, the extended loop wave functions are reformulated by the bra-ket formalism. In Section 3, the operator formalism for propagator is investigated. The concept of the family number is introduced to characterize the structure of the wave functions. It is found that the extended loop wave function is characterized by the family number and classified by the partition of the family number. In Section 4, the extended loop wave functions in quantum gravity are analyzed. The Mandelstam identities, the diffeomorphism and Hamiltonian constraints are discussed. It is pointed out that the constraints to the extended loop function in quantum gravity exhibit a hierarchy structure. In Section 5, conclusion and discussion are given.
Extended loop representation in quantum gravity
The quantum state vector of the universe is written as |ψ >. The ket |µ > is introduced as the following infinite basic vectors;
where µ i represents the pair of variables (a i , x i ) with vector index a i and space point x i . The number of indexes of the set µ is n(µ). The ket |µ > is the eigenstate of the number operator of indexesN:N |µ >= n(µ)|µ >. The ket |µ > forms a complete set
Also, the overline infinite basic vector |μ > is defined as
where the factor (−1) r denotes the parity of the ket |µ 1 · · · µ r >.
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The extended loop wave function are constructed by the multi-vector density fields and the propagators. The multi-vector density fields are elements of the extended loop group and have the following form:
with
The number of paired indexes defines the rank of the multi-vector field.
The extended loop wave function ψ(X) is linear in the multi-vector fields and are written in general as follows:
where a generalized Einstein convention is assumed and ψ µ 1 ···µr denotes the propagator. This linearity of the extended loop wave function is guaranteed by the property of the extended holonomy in X µ 1 ···µr [8] . 1 The inverse operatorÎ and the parity operatorπ are introduced as follows:
The ket |μ > is related to the ket |µ > as |μ >=T |µ > whereT =Îπ. The eigenvalue of T are ±1 sinceT 2 = 1.
In quantum gravity, the propagator ψ µ 1 ···µr should satisfy a set of symmetry properties, that is, the Mandelstam identities [6] . They are
for all k where c indicates the cyclic combination of indexes. The overline multi-vector density fieldsX are defined as
It is noted that |X >=T |X >. Among |µ >, |μ >, |X > and |X >, the following relations hold:
If Eq.(6) holds, we obtain ψ(X) = ψ(X) = ψ(R) because of Eq. (8) where R = (X +X)/2. Furthermore, the extended loop wave function must satisfy the following constraints:
1) Diffeomorphism constraint
whereĈ ax denotes the diffeomorphism constraint operator. This wave function satisfies Eq.(9) and thus is knot invariant.
2) Hamiltonian constraint a) Vacuum Hamiltonian (Ĥ 0 (x));
The sequences µ 1 · · · µ 0 and µ r · · · µ r+1 for k = 0 and k = r are assumed to be the null set of indexes. b) Hamiltonian with Λ (Ĥ Λ (x)) ;
where q is the three metric. The cosmological term is given as
3 Extended loop wave function and operator formalism
Propagator operators
First, we assume the linearity of the extended loop wave function of Eq.(4).
Secondly, we assume that |ψ >=G|0 > whereG denotes the propagator operator and |0 > is the vacuum state. The propagator ψ µ 1 ···µr is defined as follows:
From Eq. (4), the extended loop wave function is rewritten as
It is noted that the ordering of µ 1 · · · µ r in X µ 1 ···µr is fixed. Thirdly, it is assumed that the operatorG has the following properties: 1) The operatorG is built up by the basic operator with the rank r; G r (r = 2, 3, · · · , ∞)
2) The basic operator G r has the coupling constant λ r = λ r−1 . That is G = λ r G r .
3) The basic operators G s and G t are commutable;
4) The rank of the product of G s and G t is (s + t).
5) The matrix element of G s is given as:
From now on, the ordering of G s and G t is fixed as G s G t if s ≤ t from 3). The coupling constant λ is an arbitrary parameter for the vacuum Hamiltonian, but an adequate one for the Hamiltonian with λ, that is λ ∝ Λ. We observe here that the power of the coupling constant λ of G r differs from its rank r. The operatorG is written as the products of basic operators as
where F = m i=1 if i and f i is non-negative integer. We notice the power of the coupling constant λ. If the set (f 1 , · · · , f m ) is given, we may introduce the family number m as
The set (
Then, the operatorG is written as
where F m = (f 1 , · · · , f m ) and the sum with respect to F m is over all the partition of m. Also,r is defined as
The rank of Gr(F m ) isr. The wave function of Eq. (13) is decomposed in terms of the power of the coupling constant λ as follows;
where < X|ψ m > is the wave function with the family number m. Eq. (18) suggests that the wave function with the family number m is constructed by quantum states with the rank r(n <r < N : n = m + 1 and N = 2m). From Eq.(13)and Eq.(16), the extended loop wave function is compactly rewritten as
From Eq.(18), we remark that the extended loop wave functions have the following structure:
(1) The extended loop wave functions are characterized by the family number m.
(2) The extended loop wave function with m, is decomposed into the classes in terms of the partition of m;
(3) The extended loop wave functions are structured according to a sequential arrangement of basic propagators.
Propagator operator and new basic vectors
From Eq.(19), the propagator with the family number m and the rankr is given as
The propagator must satisfy the cyclic property from Eq.(5). Also, the operator Gr(F m ) is rewritten as the products of the basic propagator operators with various ranks. It is necessary to factorize the matrix element < µ|Gr(F m )|0 > in order to calculate them. We assume the following points:
(a) The cyclic property of the basic propagator G r .
(b) The uniqueness of the matrix element of G r .
(c) The factorization of the matrix element of Gr(F m ).
The ket |µ > is ordered but not cyclic. We introduce the new bases |µ d > instead of |µ > as follows:
where [µ 1 · · · µ r ] denotes the set whose elements are represented by the product of cycles of the variables µ 1 · · · µ r according to the requirement that the q-term cycle (µ i 1 · · · µ iq ) is constrained by the ordering of indexes with i 1 < · · · < i q , that is the "ordered" cycle. This requirement guarantees the assumption (b). 3 In this case, the states are degenerate.
Using the ordered cycle of variables µ 1 · · · µr, we may define the matrix element of Gr(F m ) as follows:
(1) The basic propagator operator with the rankr, G r :
where G µ 1 ···µr is cyclic symmetric function:
(2) The product of G s and G t ( s ≤ t andr = s + t):
Furthermore, we may consider the generarization of Eq. (22) and Eq.(23) in the similar way.
Using the complete set of |µ d >, we obtain
where D 
From the definition of the matrix element of Gr(F m ), we obtain
where f i denotes the number of the (i + 1)-term cycle (µ j 1 · · · µ j f i ) and the cyclic structure of {F m } is characterized by K = 2
fm . Then the sum with respect toPr[{F m }] is over all the permutations by the products of the ordered cycles in the set µ 1 · · · µr.
The result from Eq.(25) is formally obtained by using Eq.(24) and the following relations:
(2) For G s G t ,
where the sum is over all the permutations in terms of the product of the s-term cycle (µ 1 · · · µ s ) and the t-term cycle (µ s+1 · · · µ s+t ) in the set µ 1 · · · µ s+t . The number of the elements is n(s, t) = (s + t)!/s!t! for s < t and (2s)!/(s!) 2 2! for s = t.
(3) For Gr(F m ),
The number of the elements is given as
The extended loop wave functions with m = 1, 2, 3 and 4 are given in Table 1 . These wave functions exhibit a skelton structure.
Mandelstam identities of (I) and (II)
Let us consider the first and second constraints of the Mandelstam identities. From Eq. (5) and Eq. (6), we obtain the following relations for the basic operator G r :
(II')
From Eq. (22), the function G µr···µ 1 is cyclic symmetric. Thus, it satisfies Eq.(31). From Eq.(32), we get
For r = 2, G µ 1 µ 2 is symmetric and for r = 3, G µ 1 µ 2 µ 3 is antisymmetric.
Quantum states based on Chern-Simons theory 4.1 Chern-Simons type propagators
In quantum gravity, the extended loop wave function ψ(X) must satisfy the Mandelstam identities, the diffeomorphism constraint and the Hamiltonian constraint. Let us consider the solutions to satisfy these constraints. In the extended loop calculus [4, 9] based on the Chern-Simons theory, the propagator are written by the products of the two-point propagator(g µ 1 µ 2 ) and the three-point propagators(h µ 1 µ 2 µ 3 ), given in Appendix A. These propagators satisfy the properties of G r discussed in the previous section, Eq.(31) and Eq.(32). Thus, we assume that the operatorG is built up in terms of the following basic propagator operators for G 2 and G 3 :
(a) the propagator operator with the rank 2(G 2 = g)
(b) the propagator operator with the rank 3(
Furthermore, from the analysis for the third coefficient of the Jones polynomial [11] , we assume the following basic propagator with the rank 4(G 4 = [hg −1 h]) :
where g −1 denotes the inverse operator of g. The function g αβ is the inverse function g αβ and indicates an inner propagator. The index c denotes the sum under cyclic permutation with respect to µ. It is possible to generalize the form of Eq.(36) to G 5 . The propagator operator with the rank 5(
These basic propagators satisfy the cyclic symmetry of Eq. (5) and the inverse symmetry of Eq.(6). The propagators with the rank n(n ≥ 6) are similarly defined.
Vacuum quantum states
Let us investigate the extended loop wave function with the family number m = 1, 2 and 3 in the case of the vacuum Hamiltonian.
First we proceed with the case of m = 1. The partition of 1 is {[1]}. The extended loop wave function with m = 1 is given as
where α 1 0 denotes a coefficient. Thus, the propagator ψ
is given as g µ 1 µ 2 . This propagator satisfies the Mandelstam identities (I), (II) and (III) [5] . Also, < X|ψ 1 > satisfies the diffeomorphism constraint but do not the Hamiltonian constraint as discussed in [5] .
Secondly, we treat the case of m = 2. The partition of 2 is {[2, 0], [1, 1]} and hence the wave function with m = 2 is given as . Thus, the number of independent parameters is three. We select (α ). Furthermore, we require the diffeomorphism constraint. Then, we obtain the following equation:
As the independent solutions, we select the following two solutions: a) α 3 0 = 0 and α 
where J 2 denotes the second coefficient of the Jonse polynomial. We obtain the two-parameter family of solutions as
where a and b are parameters. For examples, we have
where K 2 denotes the second coefficient of the Kauffman bracket and K 2 = ψ 2 (1, −1). It is possible to show that these quantum states satisfy the Mandelstam identities (I), (II), and (III) [5] . The set of {ψ 2 (0, 1), ψ 2 (1, −1)} corresponds to the extended knot family {ψ i } 4 3 given by Griego in [4] . While the Hamiltonian constraint gives us the relation of α 
These relations are contained in Eq.(47). Therefore they do not give the further constraint. The number of parameters is 8. We select α 
Hence, the number of the independent solutions is three. We select the solutions given in Table 2 . The functions J 3 and K 3 correspond to the third coefficients of the Jones polynomial and the third coefficients of the Kauffman bracket, respectively. Thus, we obtain the three-parameter family of solutions as
where a, b and c are parameters. For examples, we have
The set of {ψ 3 (0, 0, 1), ψ 3 (1, 0, −1), ψ 3 (0, 1, 0), ψ 3 (1, −1, 0)} corresponds to the extended knot family {ψ} 6 4 in [4] . While, the Hamiltonian constraint gives the relations α 
Quantum state with Λ
We may apply the operator formalism to the case of the Hamiltonian with Λ. We consider only the operator G 2 = g and use Eq.(18). Then, we have
= 1, we obtain the following relation:
Hence, we obtain the following wave function:
where λ = −Λ/4 and a 1 = −3ϕ G /2. The wave function of Eq.(54) indicates the phase factor of the Kauffman bracket(ψ AK ). Eq.(54) satisfies the diffeomorphism and Hamiltonian constraints with Λ as discussed in [10] . From Eq.(20), this wave function is compactly rewritten as
Conclusion and discussion
We have investigated the structure of the extended loop wave functions by using the operator formalism. We have shown that the extended loop wave functions have the following structure:
1) The extended loop wave functions are characterized by the family number m.
2) The extended loop wave function with m, is decomposed into the classes in terms of the partition of m;
3) The extended loop wave functions are structured according a sequential arrangement of basic propagators.
4) The extended loop wave function exhibits a skelton structure.
In quantum gravity, we require the constraints for the extended loop wave functions constructed by our approach. We have found that these constraints exhibit the following hierarchy structure: The strongest condition is the Hamiltonian constraint. It is well-known that in the case of the vacuum Hamiltonian, the solution to satisfy all constraints is only J 2 until now. Also, our analysis suggests that the number of the independent solution in the extended loop wave function with m equals to the number of the class of the partition of m. Thus it is necessary to study the extended loop wave function with m = 4. This point is a chalenging problem and will be investigated elswhere. 
